
USVMC — Fall 2013
Saturday, November 9

Arithmetic with Rotations and Reflections

Suppose we are given the equilateral triangle below:

A symmetry of the triangle is an operation that takes the triangle and
places it over itself. An example is a left-handed (counter-clockwise) rotation
by 1/3 of a turn, as in Figure 1 below. Notice that the the corners can change
places, but must line up with previous corners, as in figure 1 — the triangle
can’t end up askew, as in figure 2 (a quarter-turn to the left)
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Figure 1: Yes

Figure 2: No

One way to do this: rotate one-third of a turn, say counter-clockwise. Call
this L (for “left turn”). We can also consider a one-third clockwise turn.
Call this R (for “right turn”). Now let LL. or L2, stand for the operation
of making two successive left-hand turns; similarly, RR, or R2, stands for
two right turns in a row. RL stands for a left turn followed by a right turn
(read right-to-left), and so on. Let I stand for doing nothing!

1. (a) Convince yourself that L2 = R (in the sense that these two operations
have exactly the same effect.)

(b) What is RL? What about LR? What is L3; What is R3?

(c) Can you see how to express all combinations of R and L in terms of L
and I?
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2. At this point, we can make a “multiplication table” for combinations of
rotations!

I L L2

I I L L2

L L L2

L2 L2

(a) Fill in the remaining entries!

(b) What’s a good candidate for “1/L”, or L−1?

3. Can you make a similar table for rotations of a square? (Start with L a
left-hand rotation by 1/4 turn.)

4. Returning to the triangle, what happens if we add a reflection — a flip
— across the vertical axis? Call this operation F :
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Figure 3: A reflection

(a) What’s the effect of flipping twice? (That is: what is F 2 = FF?)

(b) What is LF (The flip, followed by a counter-clockwise 1/3 turn)? Is this
the same as FL (the 1/3 turn, followed by the flip)?

(c) Can you find a way to express a flip across the line in the picture below,
just using F and L?
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