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Game Theory

1. The basic idea Let’s begin with a game. Player 1 will make a decision,
either A, B, or C by selecting a card. At the same time Player 2 will make
their decision, either X, Y , or Z by selecting a card. Then the cards are
revealed and each player is awarded some points according to the charts
below.

Player 2

X Y Z

Player 1

A 7 0 3

B 8 6 4

C 2 9 1

For each play, there are a total of 10 points awarded, and the chart shows
the number of points awarded to Player 1. For example, suppose Player 1
chooses A and Player 2 chooses Z. According to the table, then Player 1 is
awarded 3 points and so Player 2 is awarded 10 − 3 = 7 points.

The goal in game theory is for each player to find their best strategy. Note
that the best strategy might not make the game equal, that is, it may be
that Player 1 can consistently get more points than Player 2. Your goal is
to find the best strategy possible for your Player.

(1) Pair up with a partner, decide who is Player 1 and who is Player 2, and
play this game 10 times. Record the outcome each time.

2. Equilibrium Strategy For many games of this type there exists an
equilibrium strategy, which means this:

• If Player 2 is playing their equilibrium strategy, then Player 1 has a
clearly best choice. Any other choice for Player 1 will be worse than
their equilibrium strategy choice.

• At the same time, if Player 1 is playing their equilibrium strategy,
then Player 2 has a clearly best choice.

That is, the equilibrium strategy is stable. Both players know the rules and
expect the other to play their equilibrium strategy. Here is an example:
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Player 2

X Y

Player 1
A 7 10

B 0 3

The equilibrium strategy is for Player 1 to pick A and Player 2 to pick X.
Let’s check the conditions above.

• If Player 1 picks A, then Player 2 is better off picking X than Y .
• If Player 2 picks X, then Player 1 is better off picking A than B.

Once they are pointed out, the equilibrium points are easy to recognize: they
are the smallest (minimum) value in their row and the largest (maximum)
value in their column. This is called the minimax condition.

(2) Check that this is true for the two-choice game above.

3. Domination It may not be so easy to spot the equilibrium point in the
first three-choice game above. To help simplify the analyses, we can look
for dominated strategies and eliminate them. Consider the first game: if
Player 1 picks B, their result will be better than if they pick A no matter
what Player 2 does. There is then no reasson for Player 1 ever to pick
strategy A.

Both players are assumed to be playing their best strategy, so both Player 1
and Player 2 now realize that Player 1 will never pick A, and we can simply
cross out that row.

(3) Now that choice A has been eliminated, does Player 2 have a dominant
strategy? Find it, and then predict what both players are going to do.

(4) Check that the equilibrium strategy is the minimax value (the smallest
value in its row and the largest value in its column).

Here is another way to think of equilibrium points: when playing the equi-
librium strategy, Player 1 is guaranteed to receive at least 4 points each
game. If Player 1 chooses any other strategy, they risk receiving fewer than
4 points.

Likewise, when playing the equilibrium strategy, Player 2 is guaranteed to
receive 6 points each game, and another other strategy might lead to fewer
points.



(5) Look for dominated strategies and try to find the equilibrium strategy
for this game:

Player 2

X Y Z

Player 1

A 8 2 1

B 10 0 5

C 7 4 6

4. Mixed Strategies Consider the following game, where there is one point
awarded each game. As before, the table lists the points won by Player 1:

Player 2

X Y

Player 1
A 0 1

B 1 0

In this case there are no dominated strategies, and no simple equilibrium
point that satisfies the minimax condition. Nevertheless, there is a best
strategy available to each player.

Imagine you were playing this simple game against an opponent who was
winning much more than half the time. Perhaps this opponent was skilled
at noticing your facial expression and you were accidentally revealing which
card you had picked. What would be your best defense?

Actually, you have a strategy available that will guarantee you equal chance
of winning against your opponent and you can even tell them ahead of time
how you will do it. The strategy is simply this: randomly pick your choice
A or B each time, with equal probability of each. This is an example of
what is called a mixed strategy.

Here is a more interesting case: you’re playing a game of tag and trying to
sneak past the person who is it. You can either run through the front yard
or the back yard, and they can look for you in either the front yard or the
back yard. If they look in the wrong place, you are not caught. If you both
go to the front yard, they are guaranteed to find you. If you both go to
the back yard, where there are a few more obstacles, you have a probability
one-half of not being caught. Then your probability of escaping is given by



Player 2 (it)

front yard back yard

Player 1 (you)
front yard 0 1

back yard 1 1/2

Again, there is no simple strategy (always go to the front, or always to
the back) that satisfies the minimax condition. But we can find a mixed
strategy that guarantees you the best probability of escaping, regardless
what the other player chooses.

You will randomly decide whether to go to the front or back yard, but not
with equal probabilities. Some fraction p of the time you will go to the front
and 1 − p of the time you will go to the back. Our goal will be to find the
right choice for p.

The minimax condition in this case says that you should get the same prob-
ability regardless of what the other player chooses.

Case 1: If Player 2 always chooses the front yard, then every time we pick
the front yard (a fraction p of the time) we are caught and every time we
pick the back yard (a fraction 1 − p of the time) we escape. So our escape
probability is 1 − p.

Case 2: If Player 2 always chooses the back yard, then every time we pick
the front yard (fraction p) we escape, and half the time we pick the back
yard we escape. Our combined probability is then

p× 1 + (1 − p) × 1

2
=

1 + p
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Now we set these equal to find p, which requires a little bit of algebra. We
want the number p for which

1 − p = (1 + p)/2

The solution is p = 1/3. This says your best strategy is choose the front
yard one-third of the time and the back yard two-thirds of the time. If
you choose this strategy you will be able to avoid getting caught at least
two-thirds of the time, no matter what strategy the other player chooses.

(6) What is the best strategy for Player 2?

(7) What would be your best strategy to avoid being caught if the case
where you both choose the backyard results in a probability 2/3 of you
being caught?



5. Prisoners Dilemma Up to now we have considered zero sum games,
which means the more you get, the less your opponent gets. In that case,
picking the strategy that maximizes your winnings or minimizes your oppo-
nent’s winnings means the same thing. But some games offer the possibility
of cooperation: some strategies benefit both players or can harm both play-
ers. The most famous example of this is called the prisoners dilemma.

Two prisoners have been arrested. They now face a choice: they can confess
or remain silent. If they both confess, each will go to jail for 3 years. If
they both remain silent, then each will go to jail for only 1 year. This would
suggest that they would want to remain silent.

But there is more: if one prisoner remains silent while the other confesses,
then the prisoner who confessed will go free and the one who remains silent
will go to jail for 5 years. We can describe the game as follows:

Prisoner 2

confesses silent

Prisoner 1
confesses (3,3) (0,5)

silent (5,0) (1,1)

The first number in parentheses describes how many years Prisoner 1 will
go to jail and the second number describes how many years for Prisoner 2.

The analysis of these games is much more complicated and depends on
more details, such as whether the players get to communicate beforehand,
or whether they care about the outcome of the other player.

(8) Try playing this game multiple times with the goal of minimizing your
total number of years in jail. Can you predict what your opponent is doing?
Do you tend to cooperate more, or work against each other more?


