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0. Notation: Lists vs Sets I write {a, b, c, ...} for a set of objects, in no
particular order, and (a, b, c, ...) for a list of objects, in the given order. So,
for example, {a, b, c} and {b, c, a} stand for the same set of two letters, while
(a, b, c) and (b, c, a) are two different lists.

1. Counting Lists Suppose we want to list a set of N objects, that is,
to put them in some definite order. For instance, if the objects the letters
a, b, c, d, some of the possible lists are

(a, b, c, d) (a, c, d, b) (b, a, c, d)

and so on. There are many more! Since we have four possible choices for the
first entry, and then three choices for the third entry, and then two choices
for the third entry, the total number of lists we could make is

4× 3× 2× 1 = 4! = 24

More generally, the number of ways to list, or order, N objects is N !.

2. Combinations Suppose we want to select k out of N letters — not in
any particular order, but all at once, in a bunch. How many ways are there
to do this?

(a) Let’s experiment a bit. How many ways to select three out of four
objects, say a, b, c, d? Here are two possibilities:

{a, b, c} and {b, c, d}
Can you find any others? (Notice that, for our purposes, b, a is the same as
a, b: the order doesn’t matter.

(b) How many ways to select 2 out of four objects? Can you list them all?

Now let’s be more systematic. Let’s call the number of ways to choose k
out of N objects — whatever it is! — C(N, k) (this is read “N -choose-k”).
Again:

C(N, k) = the number of ways to select k out of N objects.

(Another way to say it: C(N, k) is the number of different k-element subsets
of a set of N objects.)

(c) Here are two cases we can work out pretty directly:

C(N,N) = and C(N, 1) = .
1



(d) One way to choose k out of N objects is to remove the objects you don’t
want. But this amounts to choosng N − k objects for removal! What does
this tell you about C(N, k) and C(N,N − k)?

3. Choosing and Listing There’s a connection between choosing and
listing. Suppose we want to make a list of N objects. One way to do this
is first to choose which objects will constitute the first k items in the list;
if we then put thes k object in some order, and also put all the remaining
N − k objects in order, we have a list of all N objects!

Example: if we start with a, b, c, d, e and choose three of these — say, a, d, e.
Put these in some order — say, e, a, d. Then put the remaining letters in
order — say, c, b. Now put these two list together to make one big list,
e, a, d, c, b.

a, b, c, d, e

a, d, e c, d

(a, d, e) (c, b)

(a, d, e, c, b)

Choose three: Remaining two:

put in order put in order

combine:

Every possible list of a, b, c, d, e can be created in this way. So we have

Number of lists of N objects = Number of choices of first k objects×Number of ways to list first k objects×Number of ways to list last N − kobjects

or

N ! = C(N, k)× k!× (N − k)!

We can re-write this to get a formula for C(N, k):

C(N, k) =
N !

k!(N − k)!

This looks complicated, but for reasonably small numbers, it’s actually easy
to compute.



Example: C(10, 7) = 10!
(10−7)!7! . Now, 10! = 10 × 9 × 8 × 7!. Cancelling the

7!, we have

C(10, 7) =
10× 9× 8

3× 2× 1
.

Now we can find some things that cancel. For instace, 8/2 = 4 and 9/3 = 3.
So this simplifies to C(10, 7) = 10× 3× 2 = 60.

(a) Use this formula to compute C(5, 2) (which you did by hand in problem
1(b).

(b) Use the same formula to compute C(10, 5).

(c) Suppose you went to school only four days per week. Better yet, you get
to choose which days! How many possible schedules are there? C(7,4).

4. Pascal’s Triangle

Here’s another cool thing about C(N, k). Suppose we want to pick k out
of N + 1 objects — say, N blue marbles and one red marble. Then there
are two kinds of handfuls of k marbles we could select: k blue marbles, or
k − 1 blue marbles, plus the red marble. For instance, suppose we wanted
to choose three of the six marbles below:

• • • • • •

We could either pick three blues, or two blues and the red:

• • • or • • •

We know there are C(5, 3) ways to pick three blue marbles, and C(5, 2) ways
to pick two blues (plus the red, for which there’s only the one choice). Thus,
the total number of choices is:

(a) C(6, 3) = C(5, 3) + C(5, 2) =

More generally, if we have N blue and one red marble, the total number of
ways to choose k of these marbles is the number of ways to choose k of the
N blue marbles, plus the number of ways to choose k − 1 blues (plus the
red):

C(N + 1, k) = C(N, k) + C(N − 1, k − 1).



So if we already know how to find C(N, k) and C(N−1, k−1), we can easily
compute C(N, k). For instance, as we’ve already noticed, C(3, 2) = 3 and
C(3, 2) = 3, so C(4, 2) = C(3, 2) + C(3, 1) = 3 + 3 = 6.

We can apply this rule repeatedly. For instance,

C(6, 3) = C(5, 3)+C(4, 2) = (C(4, 3)+C(3, 2))+(C(3, 2)+C(2, 1)) = 4+3+3+2 = 12.

(b) Find C(7, 4) in the same way.

(c) Now find C(8, 4).

We can organize this in terms of a table: writing C(N, k) in row N and
column k, we see from the recursion above that each entry C(N, k) is the sum
of the entry immediately above it (C(N − 1, k)), and the entry immediately
to the left of that one (which is C(N − 1, k − 1)):

N 0 1 2 3 . . .
0 1 0 0 0
1 1 1 0 0
2 1 2 1 0
3 1 3 3 1
...

(d) Expand this table to row N = 6 and column k = 6.

5. Homework! (Totally optional!!) A more general problem is to count
the number of ways of dividing up or partitioning N objects into several
groups of specified sizes. For instance, suppose we want to divide up the
letters a, b, c, d, e into two groups of two letters and one group of one letter.
One way to to this: {a, b}, {c, d}, {e}. Another: {a}, {b, d}, {c, e}.

(a) See if you can find all of the ways of dividing the 5 letters a, b, c, d, e into
two groups of two letters, and one group of one letter. How many are there?

(b) Suppose we divide the six letters a, b, c, d, e, f into (i) a group of 3 letters,
(ii) a group of 2 letters, and (iii) a third group of just one letter.

We can put the letters in each group in order, and combine to form one
big list of six letters. Using this observation, can you find a formula for the
number of ways to make the division above?

(c) More generally, can you find general formula for the number of ways to
divide N objects into several groups of specified sizes?


