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Fractals

0. Peculiar Features of Fractals Imagine a line that fits on a sheet of
paper but is infinitely long. Or imagine a shape that you can draw on your
paper that has no area. Or imagine objects that are not one-dimensional
(like lines) or two-dimensional (like shapes) but are something in between.
These objects exist, and they are called fractals. We will learn about these
peculiar objects by studying a few famous ones.

1. Sierpinski Triangle We will draw a Sierpinski Triangle on a separate
sheet of paper.

(1) Draw a fairly big equilateral triangle (equal angles and equal sides.
It doesn’t have to be perfect.

(2) Now make a dot at the midpoint of each side, and connect these
dots. This makes an upside-down triangle in the middle.

(3) Fill in the upside-down triangle, to indicate that it is no longer part
of the Sierpinski Triangle.

(4) Repeat steps 2 and 3 inside each of the three new triangles that you
made.

(5) Repeat step 4 again and again . . . infinitely many times.

You will only be able to repeat this process a few times when drawing it by
hand, but you can understand what it should look like now. Let’s examine
some properties of the Sierpinski Triangle.

(a) Self-Similarity. Look at one of the three triangles made in the first step.
Notice that it is exactly another Sierpinski triangle, just smaller. If you
zoomed in on one of the small triangles inside that triangle, it would again
be a Sierpinski triangle. This is what really defines a fractal: when you look
on smaller and smaller scales, you see the same structure repeating itself.

(b) Area. Let’s calculate the area of the Sierpinski triangle. Assume the
area of your first big triangle is 1. What is the new area after removing
the center upside-down triangle? Then, what is the new area again after
removing the three center of your three triangles? Can you write what the
area would be after completing n steps? What happens when you let the
number of steps go to infinity?
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2. Koch Snowflake Now start on a new sheet of scratch paper and draw
the following:

(1) Draw an equilateral triangle.

(2) Replace each line segment like this:

(3) Now repeat step 2 for each new line segment.

(4) Repeat step 3 infinitely many times.

(a) Self-Similarity. Do you see the self-similarity of this fractal?

(b) Perimeter. Assume the lengths of your original triangle are 1, so the
perimeter is 3. What is the perimeter after one replacement step? After two
replacement steps? What is the perimeter of the final fractal when you let
the number of steps go to infinity?

(c) Area. You should have found the Koch Snowflake to have an infinitely
long perimeter. Interestingly, it still has a finite area that is not zero. You
can calculate the area of this object, but it requires adding up an infinite
series like we did last December. If you want a challenge, see if you can find
this area.

3. Some other fractals. Here are some other ways to generate fractals.

(a) Box Fractal. Draw a square. Divide it into 9 equal squares (like a tic-
tac-toe game inside the square). Color in the four squares that are in the
middle of each side (so, not the corners and not the center). Now you have
5 squares left. Repeat this procedure in each of those 5 squares. Now repeat
an infinitely many times.

(b) Sierpinski Carpet. This is almost the same idea as the Box Fractal. The
difference is that we will remove only the middle square, leaving 8 squares.
Then remove the middle square from each of those 8 squares, and repeat
infinitely many times.

(c) Minkowski Sausage. This one is like the Koch Snowflake in that it’s built
from a line, not a shape. The basic rule is



The new line segments are all one quarter the length of the original segment.

(d) See if you can come up with some ideas of your own for making a fractal!

4. Fractal Dimensions. Lines are one-dimensional objects, and shapes
are two dimensional objects. What are fractals? We need some way to
“measure” the dimension. Here is one method that is useful:

(1) Let’s compare squares and lines. Start with a square that is 3 inches
by 3 inches, and also with a line that is 3 inches long.

(2) If we had a bunch of smaller squares that are one-third the size on
each side, so 1 inch by 1 inch, how many of these smaller squares
would you need to cover up the big square? How many would you
need to cover up the line?

You should find that it takes 32 = 9 smaller squares to cover the bigger
square, but only 31 = 3 to cover the line. So it takes 3D smaller squares to
cover either the line or the big square, where D = 1 or D = 2 is the number
of dimensions.

There is nothing special about the smaller squares being 1/3 the size of the
big square. If we made the smaller squares another factor of three smaller,
so they are 1/9 the size of the original square, you would need need 92 = 81
of these smaller squares to cover the big square, but only 91 = 9 of them to
cover the line. So the result can be written as 9D smaller squares, where D
again is 1 or 2.

Now we have a way of “measuring” dimension!

(a) Box Fractal. When we take smaller squares that are 1/3 the size of the
original square, how many do we need to be able to cover the Box Fractal? It
won’t be 9. And it won’t be 3. So the Box Fractal is neither two-dimensional
nor one-dimensional.

If we assume it has some dimension D defined by 3D = number of squares
required, we can try to find D by plugging some numbers into a calculator
using trial and error. For example, try 31.5. If that gives you an answer
that is too high, pick a value for D between 1 and 1.5. Repeating this
should get you closer and closer to the value of D. (Answer: you should
find D = 1.46497352. . . .)

(b) What if we instead tried to use even smaller squares, that are 1/9 the
original size. How many do we need? Does it still work that 9D = number
of squares required?



(b) Sierpinski Carpet. Try the same thing with the Sierpinski Carpet. (An-
swer: D = 1.89278926. . . ).


