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Geometric Constructions

0. The Basic Idea. Geometric constructions were first studied over 2000
years ago, by a Greek mathematician named Euclid. The goal is to be able
to create geometric objects using only a straight edge and a compass. For
example, it is easy with these tools to create a straight line or a circle. But
what else can we make?

1. Bisecting a Line. Bisecting means cutting something into two equal
pieces. First, use the straight edge to make a line on your paper. The
straight edge might be a ruler with markings on it, but we don’t get to use
those. The straight edge is only used for making straight lines.

Nevertheless, we can bisect a line with the following method.

(1) Place the point of your compass on one end of the line. Set the width
of the compass to be clearly larger than half the line and draw an
arc:

(2) Now place the point of the compass at the other end of the line, but
keep the width the same. Draw a second arc:

(3) Use the straight edge to connect the two points where the arcs in-
tersect:
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The final line cuts the original line exactly in half (assuming perfect draw-
ing). Can you see why? Notice that if you turn your construction upside
down, it is unchanged. So the left and right sides of the original line must
be equal.

And we got something extra for free: the final line that we drew is perpen-
dicular (meaning: at a right angle) to the original line. So this line is called
a perpendicular bisector.

2. Bisecting an Angle. Make an angle by drawing two lines with your
straight edge that meet at a point. Now we construct a third line that will
also pass through the corner of the angle and cut the angle exactly into two
equal angles. Here is the method.

(1) Place the point of your compass on the corner of the angle and draw
an arc that intersects both lines:

(2) Now place the point of the compass at one of the intersections and
make an arc. Then, keeping the compass width the same, place it
at the other intersection and draw another arc:

(3) Use the straight edge to connect the point where these last two arcs
meet to the corner of the angle:

The final line cuts the original angle exactly in half. Can you see why?
Imagine flipping the image over along the center line.

3. Trisecting a Line. It is also possible to cut a line into three equal
pieces (or any number). Again, start by making a line.

(1) Add a second line at an angle to the first line and intersecting at
the the left edge. The length of this second line should be roughly



similar to the first line, but its exact length is not important:

(2) Use the compass to mark three equal length segments of the angled
line:

(3) Set the compass width to the distance between points B and C, place
the compass tip at point A, and make an arc down below:

A B

C

(4) Set the compass width to the distance between points A and B, place
the compass tip at point B, and make an arc down below:
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(5) Connect the points B and D with a straight edge. Then set the
compass width to be the distance from A to E, and mark off three



segments on the new line:
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(6) Connect the middle points along the lines:
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And presto! We have trisected the line. How would you modify this method
if you wanted to cut the line into five equal lengths?

3. Trisecting an Angle. This means breaking an angle up into three
equal angles. In fact, this is impossible! Euclid, the Greek geometer, was
not able to find a method for trisecting angles. Much later, in the 1800’s, it
was finally proven that there is no possible method to trisect an angle.

4. Circumscribing a Circle Around a Triangle. Use your straight
edge to make a triangle. Try to make one with all three sides unequal. For
any triangle there is exactly one circle that intersects all three corners of the
triangle. Here is how to construct it:

(1) Construct the perpendicular bisector of one of the sides of the tri-
angle.

(2) Construct the perpendicular bisector of another one of the sides of
the triangle.

(3) The point where the two bisector lines meet is the center of the
circle we are trying to construct. Put the compass point on this
intersection and adjust the compass width to be the distance to one
of the triangle corners. It doesn’t matter which one.

(4) Draw the circle.



5. Constructing Regular Polygons. A regular polygon is one with equal
sides and equal angles. Another question Euclid pondered was which regular
polygons are possible to construct. Here are some that can be constructed:

A. Regular Triangle. Here is one way to do it.

(1) Make a straight line. Then place the compass point along the line
and make a circle:

(2) Keep the compass width at the radius of the circle. Place the com-
pass point at one of the intersections and draw an arc:

(3) Connect the three points with the straight edge:

B. Regular Hexagon. Given any regular polygon, it is possible to construct
a polygon with twice the number of sides. To do this, construct the per-
pendicular bisector of each of the sides, and make sure these bisectors are
drawn so that they intersect the outer circle. This is illustrated for one side



of a regular triangle:

Use this method to construct a regular hexagon.

C. Square. One way to do it:

(1) Draw a line, and then construct its perpendicular bisector. Make
the bisector line roughly as long as the original line.

(2) Put the compass point at the midpoint of the line, and make the
compass width smaller than the bisected length. Draw a complete
circle.

(3) The four intersection points of the circle with the line and the bi-
sector form the corners of a square. Connect them with the straight
edge.

D. Regular Octagon. This is just like turning the triangle into a hexagon.
Start with the square with a circle around it, construct the bisectors of each
edge, and now connect the eight points with your straight edge.

E. What Else? This was a puzzle for over two thousand years. Euclid
showed how to construct the above regular polygons, with 3, 4, 6, and 8
sides, along with a regular pentagon (5 sides). And of course these can all
be doubled, so regular polygons with 10, 12, 16, and 20 sides can also be
constructed. But what about the other numbers, such as 7, 9, 11, 13, 14,
15, 17, and 18?

Amazingly, the only one from that list that is possible to construct is the
17-sided regular polygon. 17!

It has been proven that all possible regular polygons that can be constructed
have a number of sides equal to:

• A power of two (2, 4, 8, 16, . . . ), or
• a Fermat prime, which are numbers of the form

21 + 1, 22 + 1, 24 + 1, 28 + 1, 216 + 1, . . .

that also happen to be prime numbers, or
• a power of two times a Fermat prime.

These first five Fermat numbers, shown above, evaluate to 3, 5, 17, 257, and
65537, are all prime. So those regular polygons can be constructed, along



with additional powers of two, such as 2 × 3 = 6, 4 × 3 = 12, 2 × 5 = 10,
and so on.

Besides these five, no other Fermat numbers are known to be prime. For
example, 232 + 1 is not prime.

F. Regular Pentagon. Here is one way to do it:

(1) Begin just like the square: make a perpendicular bisector, and then
draw a circle centered at the midpoint:

(2) Next, bisect the line between the center of the circle and the left
intersection, shown here as the points with dots on them.

(3) Draw a circle as shown;

(4) Then add the line:



(5) Now place the compass at the bottom intersection point and make
two arcs that intersect the smaller circle as shown:

(6) These new arcs intersect the original circle at the corners of a regular
pentagon:


