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The Pigeonhole Principle:

(1) Show that in any set of 7 numbers, there must be at least two
that have the same remainder when we divide by 6.

(2) A busy airport sees 1500 takeoffs per day. Show that there must
be two planes that take off within one minute of each other.

(3) 5 boys and 7 girls are seated around a circular table with 12
equally-spaced chairs. Prove that there are two girls sitting
directly opposite each other.

(4) 5 points are picked inside a square of size 2 inches by 2 inches.
Show that two of these points must lie within

√
2 inches of each

other.

(5) Show that at any party, there are two people who know the
same number of partygoers.

(6) Generalized version of the pigeonhole principle.
Another way to state the pigeonhole principle is as follows: if

we have n pigeonholes and n + 1 pigeons, then there is at least
one pigeonhole containing at least two pigeons.

We can actually make a more general statement: if we have
n pigeonholes, how many pigeons do we need to guarantee that
there is at least one pigeonhole containing at least k+1 pigeons?

Notice that when we have k = 1, we get the original Pigeon-
hole Principle.

The reverse side has some really hard problems to try.



(7) (Very hard!) Show that among 6 people, there are always
either 3 mutual friends or 3 mutual strangers.

(8) (Really hard!) Each square of a 3 × 7 board is colored gray
or white. Prove that, for any such coloring, the board contains
a rectangle whose four corners are the same color.
For example, in the figure below, the rectangle whose four cor-
ners are marked with × has all corners the same color.
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(9) (Really really hard!) Pick 21 different numbers between 1
and 40 inclusive. Show that no matter how you pick your num-
bers, at least one of your numbers will divide another one of
your numbers evenly.


