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Some Antique Math Relating to
√
2

It was assumed in ancient times — most famously, by the ancient Greeks
— that given any two lengths a, b > 0, one can find whole numbers n and
m so that na = mb. In other words, b = (n/m)a. Taking a = 1, this tells
us that any length b has the form m/n for whole numbers. In other words,
all lengths are rational multiples of any chosen unit length.

But this is wrong.

To see why, we first recall the Pythagorean Theorem (so named by the Greeks
after Pythagoras (ca 580-500 BCE), but actually known many centuries
earlier to the Babylonians): If a right triangle has hypoteneuse (that is long
side) of length c, and the other two sides are a and b, then

c2 = a2 + b2.

In particular, then, if a = b = 1, then c2 = 1 + 1 = 2, i.e., c =
√

2. However,√
2 is equal to no ratio m/n of whole numbers. To see why, we need to talk

a bit about primes.

Prime Numbers A prime number is a natural number p > 1 divisible only
by itself and 1. Examples: 2, 3, 5, 7, 11. Non-examples: 4 (divisible by 2), 9
(divisible by 3), 10 (divisible by 2 and 5), etc.

As you know, every natural number can be factored uniquely into primes.

Example: 12 can be broken up as 2 × 6; six can be broken up futher into
2 × 3. Thus, 12 = 2 × 2 × 3 = 22 × 3. We can illustrate this process of
splitting in terms of a tree diagram:
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Further Examples: 45 = 9× 5 = 3× 3× 5. 135 = 5× 27 = 5× 33. And
so on.

Problem 1: Find the prime decomposition of each of the following integers:
120, 125, 127, 128.

Problem 2: The prime decomposition of 45 is 3 × 3 × 5. Therefore, the
prime decomposition of (45)2 is ....?

Problem 3: Find the prime decomposition of (37 × 52 × 11)2.

Evidently, for any whole number n, n2 has the same prime factors as n, each
factor occurring twice as often. In particular: every prime factor of a square
occurs an even number of times in that square.

Problem 4: If n is a whole number, does 2 occur in the prime factorization
of 2n2 an even or odd number of times?

Suppose now that m and n are whole numbers with (m/n)2 = 2. This is
equivalent to saying that m2/n2 = 2, or

m2 = 2n2.

Problem 5: Explain why this is impossible!

Evidently, 2 can’t have the form (m/n)2, and so
√

2 can’t be rational.

The same reasoning can be applied to show that many other roots are irra-
tional:

Exercise 6: Show that both
√

3 and 3
√

2 are irrational.

So the assumption that any two lengths are “co-measurable” – one a rational
multiple of the other — is wrong.

2. Computing
√

2 (the Babylonian way)

Notice that if a =
√

2, that is, if a2 = 2, then

a = 2/a.
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Now, if a >
√

2, then

2

a
<

2√
2

=

√
2
2

√
2

=
√

2.

By the same reasoning, if a <
√

2, then

2

a
>

2√
2

=
√

2.

Either way,
√

2 lies between a and 2/a.

This suggests that, if a is some estimate of
√

2, then we might get a better
estimate by averaging a and 2/a, since this average also lies between a and
2/a. Writing this average value as a′, we have

a′ =
1

2

(
a +

2

a

)
.

We can be sure that a′ is at least as good an estimate of
√

2 as whichever
of a and 2/a was worse.

Example: As a first pass, let’s start with a = 1. Then 2/a = 2, and so
a′ = (1/2)(1 + 2/a) = 3/2, or 1.5. This is clearly a big improvement on 1.

Now, this method can be iterated: we can take a′, and use it in place of a
in (0) to find another estimate, a′′, and so on. Indeed, if we start with an
initial guess ao, we can generate an infinite sequence of approximations to√

2 by setting a1 = a′0, a2 = a′1, ..., an+1 = a′n, and so on. This method was
known to the Babylonians, but is also often referred to as Heron’s method,
after Heron of Alexandria (ca. 10− 70 CE).

Problem 7: Starting with ao = 1, as above, we found a1 = a′o = 3/2.
Apply Heron’s method, starting with a1, to find a2 = (1/2)(a1 + 2/a1).

Exercise 8: Proceeding from a2, as found in Exercise 7, find the next
approximation, a3. To how many places is it accurate?

Exercise 8: Adapt the method just discusse to estimate
√

3. Start with
ao = 1, and compute a1, a2 and a3 Compare your answers with the value of√

3 given by a calculator.
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