
Math Circle: Four Dimensional Space February 7, 2015

I. Two-Dimensional Space

A good example of two-dimensional space is a sheet of paper. Draw x-y axes on a piece of
paper. Any point on your sheet of paper can be identified by giving its x and y coordinates,
which we often write like this: (x, y).

1. On your x-y axes plot the points (0, 0), (0, 1), (1, 0), and (1, 1). Notice the shape you
get.

2. Plot the points (−2, 1) and (4, 4) and connect them with a line. What is the distance
between these points?

3. Can you find a general expression for the distance between a pair of points (x1, y1) and
(x2, y2)?

II. Three-Dimensional Space

A good example of three-dimensional space is the room. There are points in the room that
are above or below your sheet of paper that require more than an x and y value: they need a
third coordinate, let’s call it z. This number describes the distance in the up-down direction.
Any point in the room can be identified by giving its x, y and z coordinates.

4. Consider your square from Problem 1, and picture an identical square hovering above
it, at the height z = 1. What solid object does this resemble? Write out all the (x, y, z)
coordinates for the corners of this object.

5. Pythagoras tells us a right triangle with sides a and b has a hypotenuse of length√
a2 + b2. What is the three-dimensional analog of this? Picture a rectangular solid

with sides a, b, and c and think about what the analog of the hypotenuse should be.

6. Using your result from the previous problem, find the distance

• between the points (0, 0, 0) and (3, 6, 2),

• between the points (1, 0,−2) and (5, 4, 5),

• between a general pair of points (x1, y1, z1) and (x2, y2, z2).

III. Four-Dimensional Space

We cannot directly picture four-dimensional space. But we can nevertheless work with it.
To specify a point in four dimensions, we will need four coordinates: x, y, z, and w. The w
axis points in some new direction that does not fit into our three dimensional world.

7. A four-dimensional version of a cube is called a hypercube. How many corners does
a 4D hypercube have? How many edges? Hint: Think about how you went from a
square to a cube and try to repeat the process.
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8. Find the distance

• between the points (0, 0, 0, 0) and (2, 5, 6, 4),

• between the points (−2, 0, 1, 1) and (6, 5, 5, 5),

• between a general pair of points (x1, y1, z1, w1) and (x2, y2, z2, w2).

9. No reason to stop at four dimensions. How many corners and edges does a 5D hyper-
cube have? What about a general n-dimensional hypercube?

IV. Packing Spheres

An interesting property of higher dimensional space is that objects will pack together differ-
ently. A circle in the set of points in the 2D plane that are equal distance (the radius) from
the center. Likewise, a sphere is the set of points in 3D space that are equidistant from the
center. So a 4D hypersphere is defined the same way: it’s the set of points in 4D space that
are equidistant from the center. No matter what dimension we are, a hypersphere is defined
by a center location and a radius.

10. On your sheet of paper, draw four circles with radius 1/2, centered on each corner of
your square. Notice that the circles are touching. Can we fit another circle of radius
1/2 into the center of this square without overlapping? If not, how large of a circle
could we fit?

11. Let’s do the same thing in three dimensions: center spheres of radius 1/2 on each
corner of the cube. Can a sphere fit into the middle of the cube? If not, how large of
a sphere could we fit?

12. Now repeat in four dimensions. Notice how the spheres pack together is different as
we change dimension.
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