
Math Circle: Wallpaper Patterns and M.C. Escher March 21, 2015

Here’s a simple rule for making a wallpaper pattern: take an image, and then make many
copies of it, shifted to the left and right and above and below, like this:

This is called translation symmetry. Picture a plane covered with kitty cats: if you shift
by the red arrow, you are right back where you started. Likewise with the blue arrow. All
wallpaper patterns will have two axes of translation symmetry.

Here’s another symmetry: suppose we alternate cats and mirror image cats.

We still have two translation symmetries, the red and blue arrows, although we have to make
the red arrow longer (or squish the cats). But we have an additional reflection symmetry,
shown by the green dashed lines. If we flip the pattern about these lines, we get back the
same image.

And here’s a third symmetry: we turn some of the cats over.

We have the red and blue translation symmetries as before, but we have no reflection sym-
metries. Instead we have now a rotation symmetry, indicated by the purple diamonds. If
you rotate the image by 180◦ at any of those point, you get back to the same pattern.
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We could make a different rotation symmetry pattern by rotating the kitties by a quarter
turn, like this:

Again, no reflections, but instead of a 180◦ or 2-fold rotation symmetry, we have a 4-fold
rotation symmetry.

And these are now four examples of what are known as wallpaper groups. They have names:

Name Description

p1 No rotation and no reflection symmetry

pm Reflection symmetry but no rotation symmetry

p2 2-fold rotation symmetry but no reflection symmetry

p4 4-fold rotation symmetry but no reflection symmetry

• There are two more groups known as p3 and p6. Can you guess how to describe them?

• Sketch a simple object, maybe a right triangle, and then make copies of the right
triangle in each of the patterns of p1, pm, p2, and p4. You may need additional paper.
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• For each of the images below, draw a box around the fundamental pattern that is being
repeated (there is more than one right way to do this). Then identify for each pattern
whether it is p1, p2, p3, p4, p6, or pm. If you ignore the color, does it change the
answer for any of them?

• Escher used these patterns to make his human and animal shapes fit into the symmetry.
He would start with a grid like on the left, and then try moving a line, like on the
right. How would you complete this drawing if you were making a pm pattern? A p1
pattern? A p2 pattern?
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